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Abstract- As far as the system of two-wheeled machine is concerned, 
incorporating a linear actuator to the intermediate body (IB) of two -

wheeled vehicles has not presented in literature before.  This paper 

investigates development, modeling and control of a novel design of a 

two wheeled vehicle with additional mobility features allowing an 

attached payload to move vertically while maintaining the entire 

system balance condition. This work aims to develop and build a well 

designed two-wheeled vehicle with specific features. Certain 

mechanical issues are discussed in order to build a well designed 

mechanical prototype. The prototype is designed so as to be able to 

carry and move a payload in a vertical direction while maintaining a 

balance condition of the vehicle on two wheels. An approach for 

modeling the system to characterize its dynamic behavior is also 

presented.  A control strategy is developed and implemented on the 

system in order to steer the vehicle to perform a certain wheels 

trajectory. Different wheel trajectory profiles are used to check the 

capability of the developed control scheme to tackle the control 

problem while maintaining the balance condition of the entire 

mechanism. 
 

Keywords:  Inverted pendulum, Two wheeled vehicle, 

Lagrangian dynamic formulation, PID control 

I.      INTRODUCTION  
The research on balancing two-wheeled robots has 

gained momentum over the last decade in a number of 
robotics laboratories around the world. This is due to the 
inherent unstable dynamics of such systems. The control 
quality of such robots is characterized by the ability to 
balance on its two wheels and provide spin on the spot. This 
additional maneuverability allows easy navigation on 
various terrains, turn at sharp corners and traverse small 
steps or curbs. These capabilities have the potential to solve 
a number of challenges in industry and society. For example, 
a motorized wheelchair utilizing this technology would give 
the operator greater maneuverability and thus access to 
places most able-bodied people take for granted. Small carts 
built utilizing this technology allow humans to travel short 
distances in a small area or factories as opposed to using 
cars or buggies which are more polluting. The rapid increase 
of the aged population in countries like Japan has prompted 
researchers to develop robotic wheelchairs to assist an 
elderly to move around, (Takahashi et al. 2000). Two-
wheeled machines have different applications due to their 
advantages which arise from their special design. For 
example, a two wheeled vehicle may be safer for the 
occupants while simultaneously being more agile to navigate 
narrow city streets. Furthermore, the reduced volume and 
lower mass of this configuration would increase fuel 
efficiency and overall functionality.  
Choi et al. developed a wheeled inverted pendulum and 

investigated the interaction between human and the robot 
through applying a pulling or pushing force. They developed 

a control algorithm able to move and stabilize the robot 
in coordination with the external force of a human. 
Imamura et al. discussed the configuration of a baggage 
transportation system by an inverted pendulum robot 
and realized a navigation system. Jeong and Takahashi 
discussed the mobile control and the standing and sitting 
motions of an inverted pendulum type assistant robot 
aiming at the coexistence of safety and work capability. 
Jingtao et al discussed the mechanical design and 
dynamic modeling of a differential drive two-wheeled 
inverted pendulum mobile robot, which has the 
advantage of high maneuverability on slopes and narrow 
spaces and is able to carry human beings as well as other 
goods. Nawawi et al. designed and developed a two 
wheeled inverted mobile robot for use as flexible 
platform, comprising an embedded unstable linear plant 
intended for research and teaching purposes. Through 
this work, issues such as selection of actuators and 
sensors, signal processing units, modeling and control 
scheme have been addressed and discussed. Zheng et al 
discussed the mechanical design and control system of a 
miniature autonomous surveillance robot (“BMS-1”) for 
indoor reconnaissance tasks.  
Most of the work found in the area concentrated on 

developing the control algorithms required to keep the 
two-wheeled inverted pendulum robot in a balancing 
state. Other works discussed the dynamics of the system. 
The paper presents a two wheeled robot with an 
additional degree of freedom along its intermediate body 
to provide a payload with the ability to reach different 
heights. Furthermore, mathematical modeling of the 
dynamic behavior of the robot is also presented.  
The aim of this work is to develop a new design of 

two-wheeled machines able to carry a payload while 
maintaining the balance condition in the upright 
position. The payload motion is incorporated by 
considering adding a linear actuator in order to activate 
the payload to move along the intermediate body with 
appropriate speeds. The intermediate body of the vehicle 
is considered to be a combination of two co-axial parts 
connected by the linear actuator. Adding a new actuator 
to the system adds additional degree of freedom along 
the intermediate body. 
The paper is organized as follows: Sections II and III 

describe the system design procedures used and an 
investigation on different aspects of the vehicle design 
process where a detailed description of the test rig 
mechanical and electronic parts is introduced.  Section 
IV carries out a mathematical description of the new 
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developed vehicle utilizing Lagrangian-based approach to 
derive the system equation of motion. Section V introduces 
the developed control approach to achieve a balance 
condition of the vehicle in the upright position. A numerical 
simulation analysis is carried out in section V by 
implementing the developed control strategy into the 
mathematical model of the vehicle.  

 

II.    DEVELOPMENT OF THE REAL PROTOTYPE 

Rather than dealing with virtual motion of a payload 

attached to the intermediate body of the vehicle as presented 

by Goher and Tokhi, a real payload motion is considered in 

this work. The intermediate body is considered to consist of 

two coaxial parts connected by a mechanical linear actuator 

as shown in Figure 1. The actuator is considered to activate 

the payload in order to move along the intermediate body 

with prescribed motion characteristics. 
The design objective is to build a novel robotic two 

wheeled platform capable of performing in narrow spaces 
and on slopes while carrying a payload at different positions 
and with the attitude of moving vertically. The main target 
of the design includes achieving a compact, high load 
capacity and light weight without scarifying the entire robot 
stiffness.  
The mechanical design targets the following main features: 
 

• A symmetrical mass distribution for the entire 
robot parts and components. 

• Light weight without affecting the robot stiffness. 

• Compactness with offering proper rooms for 
system electronics and accessories.   

• Two auxiliary wheels-supports for safety operation 
and emergency fall over. 
 

A.  Vehicle main parts  

The vehicle with an extended rod is considered to 

constitute the following parts: 

• Two wheels for driving and manoeuvering 
connected by axle of length H , 

• Two DC motors driving the wheels located at the 
connection between the wheels and the connecting 

axle.  

• The two motors are considered to act independent 
of one another; produce different torques in case 

of manoeuvering the vehicle which results in 

rotating the wheels by different velocities. 

However, they produce the same torque if a 

forward/backward linear motion is assigned to the 

vehicle.  

• If the two control signals are the same in magnitude 
and direction the wheels will rotate in the same 

direction with the same speed which results in a 

forward/backward linear motion. 

• If the two control signals are the same in magnitude 
but in opposite directions the wheels will rotate 

with the same speed but in different directions 

which in turn cause the vehicle to rotate according 

to speeds of the wheels.  

• The intermediate body consists of two coaxial parts 
connected by a linear actuator. 

• The lower part of mass 
lM  is connected at its 

lower end to the wheels axle with a rigid joint and 

to the linear actuator at the upper end. 

• The upper part of the intermediate body is of 
mass 

uM and is connected to a payload of mass 

M at the upper end. 

 

The work introduces a two wheeled vehicle with an 

additional feature and a linear translational degree of 

freedom. The proposed prototype sketched using the 

(Pro Engineer wildfire 4.0) is shown in Fig. 1. The 

design has two main wheels driving the vehicle which 

allow it to manoeuvre around. Other two auxiliary 

wheels are attached to the front and rear of the robot the 

robot safety to prevent it from falling off. The other 

main part of the vehicle is the intermediate body (IB) of 

the vehicle which is composed of two co-axial parts 

connected by a linear actuator with a payload attached to 

the end of the upper part. The linear actuator allows the 

payload to move up and down along the vehicle 

intermediate body (IB), and this adds an additional 

translational degree of freedom. The robot thus is a four-

degree-of-freedom system. With such design, the system 

is still under actuated as the number of actuated axes is 

less than the resulting independent motion achieved. 

                

Fig. 1 Pro Engineer design of the prototype  

A real test rig, shown in Figure 2 and 3, has been 

designed and developed in the Automatic Control and 

Systems Engineering department, University of 

Sheffield, based on the developed design. The test rig is 

currently in the testing stage and verification of the 

mathematical model with the experimental setup will 

appear in future work.  

 

 

 

Fig. 2 Real test rig, ACSE department, University of Sheffield 
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Fig. 3 Bottom view of the test rig base 

 

B. Mechanical components and parts 

This comprises an Aluminum structure with four right-

handed angles in each side. Those four angles are used to 

support the base plate attached to the two main deriving 

motors, the intermediate plate carrying the linear actuator 

and the upper plate. The base plate of the test rig is 

supported by means of two auxiliary rollers attached at both 

sides of the base plates. The auxiliary rollers are used to 

provide a support for the vehicle and additional safety 

precautions in case of control scheme failure or 

inappropriate work which may cause the whole system to 

collapse. In the real development of the test rig, the rollers 

are used to the replace the two auxiliary wheels shown in 

Figure 1; depending on wheels will add constraints to the 

entire system in maneuvering and rotating specifically in 

rough terrains.  Two main 100 mm diameter 5 mm hub 

wheels, shown in Figure 4, are used to provide the vehicle 

with motion. 

 

 
Fig. 4 100 mm diameter wheel with 5 mm hub 

   

C. Electronic components and accessories 

       Two DC permanent magnet motors, shown in Figure 5, 

are used drive the vehicle with their technical specifications 

available in Table 1. Each motor is provided with a built-in 

shaft encoder with 360 counts/shaft revolution.   
  

  
Fig. 5 EMG30 and Mounting Bracket 

 

A 12v 2.8A Dual H-Bridge motor controller, shown in 

Figure 6, is utilized. This motor driver is designed to work 

with the EMG30 gear motors; the MD25 will drive two 

motors. It can be controlled by serial or the I2C Interface. 

There are two modes of operation; direct individual control 

of the motors or the ability to send a speed and a turn 

commands. 

TABLE 1: Motor technical specifications 
 
Specification Parameter Units 

Voltage 12 Vdc  

Torque 1.5 cmKg .  

Max. speed 170 rpm  

Max. current  530 mA  

No load speed 216 rpm  

No load current  150 mA  

Stall current  2.5 A  

Rated power  4.22 W  

Encoder counts/rev 360 counts  

 

 

 
Fig. 6 Motor driver, 12v 2.8A Dual H-Bridge 
 

In order to provide the attached payload with the 

required sliding motion, a screw thread driver, shown in 

Figure 7, is used. The linear actuator is able to hold a 

weight of more than 1.3 kg while travelling through a 

maximum stroke of 48mm. The full technical 

specifications of the screw driver are shown in Table 2.  

 

 
Fig. 7 Screw thread driver 

 

TABLE 2: Screw thread driver technical specifications 
 
Specification Parameter Units 

Voltage 12 Vdc  

Torque 1.5 cmKg .  

Holding force  13.3 N  

Max. travel  48 mm  

Step angle  7.5 reedeg  

Step/rev  48 mm  

Diameter – body  26.16 mm  

Diameter – shaft 3.43 mm  

Lead length  304.8 mm  

Mounting hall spacing  34.9 mm  

Max. current  530 mA  

No load speed 216 rpm  

No load current  150 mA  

Stall current  2.5 A  
Rated power  4.22 W  

Encoder counts/rev 360 counts  

 

As can be noticed from Table 2, the shaft diameter of 

the screw thread will not be able to support the 

continuous motion of the attached payload. A 



 9 

transparent tube of 40 mm outside diameter is attached 

vertically to the intermediate Aluminum board. The tube 

provides the payload, attached to the screw thread, with the 

necessary support and guidance while moving up/down due 

to the actuation provided by the linear actuator.   

An Atmel microcontroller ATmega32, 32-Kb self-

programming flash program memory, 2-Kb SRAM, 1-K 

EEPROM, 8 channel 10-bit A/D-converter. JTAG interface 

for on-chip-debug. Up to 16 MIPS throughput at 16 Mhz, 

shown in Figure 8, is used. 

  

 

 
   Fig. 8 Atmel microprocessor 

 

 

The M32 board is Radio Ready and can be easily upgraded 

with an easy radio transceiver module. Using the radio link, 

the M32 board can communicate with a PC or any computer 

with a serial link and be controlled without wires making it 

ideal for remote control and data logging applications. 

      A compact SCA3000 triple axis accelerometer, shown in 

Figure 13, is used. 

      This accelerometer is highly precise and temperature 

compensated which is an efficient option specifically for 

IMU and dead-reckoning applications. The low noise and 

temperature compensation significantly reduces drift over 

time. SCA3000-D01 has an easy to use SPI interface. This 

breakout board includes a low noise, low drop out, 3.3V 

regulator that accepts voltages from 3.35V to 10V. 

 

 
Fig. 9 Accelerometer, SCA 3000 

 

III.    DESIGN TECHNICAL CONSIDERATIONS 

 

Certain design aspects are considered in the design process 

of the prototype, this section is discuss that in detail:   

A.  Design of the inclination angle 

As the vehicle starts working from rest, the vehicle leans 

to the floor on three wheels as shown in Fig. 10; two main 

wheels and one of the auxiliary wheels. As the auxiliary 

wheel touches the floor, its centre rotates from position 
aO  

to position 
aO′ which in turn causes the entire vehicle to shift 

with an angular position 
oθ  from the upright vertical 

position.  

                           

Fig. 10 Vehicle angle of inclination (stand up angle) 

 

The angle of inclination 
oθ can be derived based on the 

geometry of the developed vehicle design as: 

 








−






 −
= −−

D

B

D

RR aww
o

11 tantanθ                          (1) 

where 
wR  is the main wheel radius, 

awR is the auxiliary 

wheel radius, D  and B are the horizontal and vertical 
distances of the centre of the auxiliary wheel from the 
centre of the main wheel respectively.   For such design, 

oθ will constitute a design specification for the vehicle 

to stand up. Such angle should be considered when 
designing driving motors of the wheels as the driving 
torque necessary for lifting the vehicle to the upright 
position will depend on the value of this angle.  

B.   Vehicle static balancing 

For the vehicle in a steady situation, the following 
conditions are applied: 
 

• No control strategy works and hence no force 

or moment applies except that resulting from 

the vehicle gravitational force; gM eq
. 

• Both the main wheels and one of the auxiliary 

wheels are resting on the floor. 

• No linear acceleration for the vehicle; 

0==YX &&&& . 

 
With the vehicle standing on three wheels, as shown in 
Figures 11 and 12, the summation of the reaction forces, 
in a vertical direction, at those wheels constitute the only 
force acting in that position, which is equal to the 
vehicle gravitational force; 
 

gMForces vZ
=∑  

gMFFF v=++ 321
 

gMFF v=+ 32   and   ( )FFF == 21
                  (2) 

Where 
 

( )MMMMMM ualcv ++++=                                  (3) 

  

For a static scenario of the vehicle on three wheels, there 
is no translational or rotational motion; 
 

0=∑ ZF                                   ( )0== ZY &&&&  

021 == ∑∑ CC MM                     ( )0=xω  
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Fig. 11 Plan of the vehicle with wheels reaction forces 

 
Applying the previous conditions, one can obtain the 
following expressions: 

01 =∑ CM                                                                                                                                         

D

gML
F

vog ⋅
=

θsin
3

                                                              (4) 

From equation (1), 
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2

1                                                           (5) 

 
C. Vehicle fall over calculations 
For safety considerations of the vehicle, much interest is 

carried out on the conditions which may lead to the vehicle 
falling down from its standing position on three wheels. The 
importance of such study is to help in designing the angle 

oθ  and suitable geometry of the related dimensions such 

as
wR  ,

awR , D , and B .  

For the wheel to be reliable to falling over, the following 

conditions apply: 

• There is no reaction force at the main wheels and 
floor interaction as they are not touching it all; 

• 021 === FFF  

Position of the auxiliary wheel 
3C  represents a point of the 

vehicle falling over and hence the moment if applied will 
lead to such situation. 
 

( )ogvC LDgMM θsin3 −=∑                                            (6) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 12 Stand condition of the vehicle on three wheels 

D.  Starting moving from standing calculations 
Carrying out force calculations due to the gravitational 

force of the vehicle in two directions; perpendicular and 

parallel to the direction of the vehicle intermediate body 
(IB) yields: 
 

ov gMF θsin=∑ ⊥
 

ov gMF θcos// =∑  

where ∑ ⊥F
 and ∑ //F are the forces acting on the 

vehicle due to its own weight perpendicular and parallel 
to the direction of the IB. 

If an external force 
exF is applied to the vehicle it 

might cause it to move forward or backward according 
to the following conditions: 
 

• The vehicle starts to move forward the 

auxiliary wheel at position
3C if                                                               

⊥< FF ex                                                      (7) 

• The vehicle starts to move backward towards 
the main wheels at position

1C and
2C if 

             
//FF ex <                                 (8) 

• The vehicle remains stationary at its position if 

             

⊥≥

≥

F

FFex

      

//                        (9) 

 

IV. SYSTEM MODELING  
The two-wheeled robotic vehicle considered in this 

work comprises a rod on an axle incorporating two 
wheels as described in Figures 5 and 6. The robot is 
powered by two DC motors driving the vehicle wheels 
and a linear actuator connecting the two parts of the IB 
which allows the attached payload to move up and down 
according to a pre described motion scenario. A 
reference Cartesian coordinate frame designated as 

OXYZ  attached to the axle connecting the wheels with 

its origin located at the vehicle centre point O  as shown 
in Figures 1 and 2 is used for the angular and 
translational motion of the vehicle. The −Z  axis points 

vertically upward, the Y  axis is parallel and coincides 
with the wheels axle, and the axis is determined 
according to the right-hand rule in the rectangular 
coordinate system.  The IB is considered balanced if it 
coincides with the positive −Z  axis. Partial angular 
deviation from the Z  axis causes an imbalance in the 
vehicle with a tilt angle 

Pθ   around the X  axis. 

 

A.  Effect of adding a linear actuator 

      A linear actuator of mass 
aM is used to activate the 

upper part of the intermediate body and the attached 

payload. As a result of the actuation, the upper part of 

the IB and the attached payload with experience a linear 

motion, along the intermediate body, with a 

displacement Q as shown in Figure 5.2. Due to such 

motion, the positions of the centres of mass
uL and 

ML will depend on the variable Q and in turn the 

position of the entire COM of the intermediate 

body
gL . 
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Fig. 13 Two-wheeled vehicle with an extended rod 

 

B.  Corriolis effect due to the linear actuator   

      Due to the simultaneous translational motion exerted by 

the linear actuator along the intermediate body and the 

partial rotational motion of the intermediate body, both the 

upper part of the rod, represented by a mass
uM , and the 

attached payload M will have a Coriolis component of 

acceleration which can be represented respectively by the 

following expressions: 

( )QLL
dt

d
a uluc ++= 22θ&                                     (10) 

And 

( )QLL
dt

d
a uluc ++= 222θ&                                    (11) 

The Coriolis force due to those accelerations can be 

expressed as the following: 

( ) ( )






 +++++= QLL
dt

d
MQLL

dt

d
MF ululucor 2222θ&    (12) 

Due to the effect of this force, both the attached payload 

and upper part of the rod appear to deflect from the path of 

motion.  
 

 

 

 

 

 

 

 

 
 

 

Fig. 14 Positions of vehicle main parts and Com 

 

B. Steering kinematics  

The equations describing the differential driving system 

can be used to predict how a robot equipped with such a 

system will respond to changes in its wheel speed and what 

path it will follow under various conditions. The equations 

can also be used to calculate a robot's position in dead-

reckoning or localization by odometry applications; 

techniques that estimate a robot's position based on 

distances measured with odometer devices mounted on each 

wheel. 

In any kinematics description approach, the causes of 

motion are ignored and the core of the investigation is the 

resulting motion itself.  The equations derived in this section 

describe the robot's position and orientation as a function of 

the movement of its wheels, but ignore the underlying 

physics resulting in the corresponding motion. Issues 

such as torques and forces, friction, energy and inertia 

will be left for the dynamics of the vehicle steering.  

The mathematical model of the vehicle is developed 

based on the kinematic and dynamic relations of the 

system. Control algorithms are designed and 

implemented to control the vehicle while steering. 

Maintaining the vehicle balanced during steering is a 

crucial mission of the control technique.  

The derivation of the robot trajectory is based on the 

following assumptions: 

• The vehicle is considered as a rigid body and 
hence all the vehicle points undergo the same 
change of orientation. 

• The wheels are travelling at different speeds; 
otherwise their trajectory equations are trivial.  

• A frame of reference OXYZ  is considered to be 

attached to the centre of the vehicle. 
 

 

Fig. 15 Vehicle steering and path tracking diagram 

Steering of the vehicle is carried out by a couple of 

rotations, described in Figures 15 and 16, of the system 

wheels as follows: 

 

• Rotation about the X axis for the left and right 
wheels with 

Lδ and 
Rδ  respectively. 

• Rotation about the Z axis with an angleφ . 
 

 

 

 

 

 

 

Fig. 16 Schematic diagram of the vehicle wheels 

 

Hence, the angular velocities of the left and right 

wheel will be a vector summation of the two previously 

mentioned rotations as follows: 

LL δφω && +=
                                      (13)                              

RR δφω && +=
                                                          (14)          
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The angular velocity of the entire vehicle around the 

Z axis, due to the resulting yaw angle φ , shown in Figure 4, 

can be expressed as 

( )LR
w

H

R
δδφ &&& −=                                                         (15)                                                                                     

Integrating equation 3, considering ( ) oφφ =0  as initial 

orientation of the vehicle, leads to an equation describing 

the vehicle orientation in terms of the wheels’ velocities and 

the vehicle geometry as: 

( ) ( ) oLR
w

H

R
t φδδφ +−=                                                (16)                                                                                   

The velocity relation for the vehicle centre point O  can 
be expressed in terms of the angular positions of the left and 

right wheels and the wheel geometry as: 

( )RLwRY δδ &&& +=
2

1                                                          (17)                                                                                           

The instantaneous position of the vehicle, expressed in 

the OXYZ frame of reference, relies mainly on the velocity 

of the vehicle centre of mass (COM), and can be expressed 

as: 

( ) ( )tR
dt

dX
RLw φδδ cos

2

1
&& +=                                        (18)                                                                          

( ) ( )tR
dt

dY
RLw φδδ sin

2

1
&& +=                                         (19)                                                                      

Considering the initial position of the vehicle as  
( ) oXX =0  and ( ) oYY =0  and integrating yield the vehicle 

position as a function of time; 

( ) ( )
( ) ( ) 








−






 +−
−

+
+= ooLRw

LR

RL
o HtRHXtX φφδδ

δδ
δδ

sin
2

1
sin

2

1
&&

&&

&&      (20)           

( ) ( )
( ) ( ) 








−






 +−
−

+
+= ooLRw

LR

RL
o HtRHYtY φφδδ

δδ
δδ

cos
2

1
cos

2

1
&&

&&

&&      (21)   

Vehicle Rotational position (Yaw Angle) 

As a result of the partial rotation of the left and right 

wheels, the vehicle will start to spin about the vertical Z axis 

with degree of rotation called the yaw angle,φ . The 
difference between the torques of the wheels is the main 

source of the vehicle spinning. However, this rotational 

motion is resisted by the amount of frictional moment 

between the wheels and the ground.   The angular 

acceleration of the entire vehicle due to a rotation about the 

Z axis can be obtained as 

( ) 






 −−= fgRL

eqv

MFF
H

J 2

1
φ&&                                (22) 

The frictional moment
fgM  represents the frictional 

resistance due to the interaction between the wheels and the 

ground and can be modelled according to Coulomb friction 

model as: 

φφ && sincvfg ccM +=                                                 (23) 

where 
dF  is the disturbance force,

fgM  is the friction 

moment at the wheel ground interface, vc and cc are the 

viscous and Coulomb friction coefficients respectively and 

eqvJ  is the equivalent moment of inertia of the entire vehicle 

about the Z axis. 

 

B.  Vehicle Lagrangian dynamics 
Using Lagrange dynamic formulation for the system 

dynamics, the following dynamic equation can be 
expressed  

i

ii

Q
q

L

q

L

dt

dq
=

∂
∂

−








∂
∂
&

                                         (24) 

 
The generalized coordinates of the system are 

chosen as  [ ]Tiq Q              RL θδδ=  and the generalized 

force is expressed as  [ ]TadRLi  F  F F  FQ      = , 

where
vv VTL −= , is the Lagrangian function, 

iQ  is a 

generalized force, and 
iq  generalized coordinate , Lδ    

and 
Rδ   are the angular displacements of the left and 

right wheels around the X axis respectively, θ  is the 
angular displacement of the IB, Q  is the linear 

displacement of the payload along the IB, 
LF   and 

RF   

are the driving forces of the left and right wheels 
respectively, 

dF  is an external disturbance force, and 

aF  is the linear actuator force. 

 

System Energy Requirements 
Estimation of the system energy requirements is of 

great importance in terms of the cost requirements, the 
design of the appropriate actuators and the development 
of suitable controllers. 
The total energy,  U of the vehicle can be described 

as the sum of the kinetic energy,   T , and potential 
energy,   V ,  of the system components; cart, lower and 

upper parts of IB, and the payload as: 
 

  V TU +=                                                          (25) 

 Mualc TTTT TT ++++=                        (26) 

 Mual VVV VV +++=                                             (27) 

2

2

1
Y  MT cc
&=                                                                   

(28)  

where  

gearboxmotorawc MMMMM 222 +++=                               

(29) 

The pendulum kinetic energy can be expressed as the 
sum of its translational energy and rotational energy;  

( ) ( )( ) 222

2

1
sincos

2

1
θθθθθ &&&&
lllll JLLYMT +++=                

(30) 

( ) ( )( ) 222

2

1
sincos

2

1
θθθθθ &&&&
aaaal JLLYMT +++=                
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θθθθθ &&&&&
uuuuu JLLYQMT ++++=                   

(32) 

( ) ( )( ) 2222
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2

1
θθθθθ &&&&&

MMMMM JLLYQMT ++++=                   

(33) 
where

lJ , aJ , uJ  and 
MJ are the mass moments of 

inertia of the lower rod, linear actuator, upper rod  and 
the payload respectively around the IB centre of mass. 
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The linear velocity of the vehicle centre point Y& can be 
expressed as follows: 

( )
RL

wRY δδ &&& +=
2

                                                             (34) 

Since there is no motion for the vehicle in the 
Z direction as the wheels remain in full contact with the 
ground; 0  R === OL ZZZ &&&&&& , there is no potential energy for 

the cart in the  Z  direction.  The potential energy of various 
components can be expressed as: 
 

θgLMV lll cos=                                                        (35) 

θgLMV aaa cos=                                                             (36) 

θgLMV uuu cos=                                                             (37) 

θMgLV MM cos=                                                             (38) 

 
The potential energy of the vehicle can be obtained by 
summing equations (35), (36), (37) and (38) yielding:   

θgLMV geqVehicle cos=                                                    (39) 

 
where 

gL is the position of centre of mass (COM) of the IB, 

and it is time-dependent varying with the linear actuator 
displacement Q  and can be calculated using;  

( )[ ]QMMC
M

L u

eq

g ++=
1                                          (40) 

where          

MMMMM ualeq +++=                                      (41) 

 
Manipulating the above equations yield the 

following two expressions for the total kinetic and total 
potential energies respectively of the system;  
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( )[ ] θcos gQMMCV uv ++=                                     (43) 

 

C.  Vehicle dynamic equations 
The lagrangian equations of motion of the vehicle 

can be represented as: 

L

LL

F
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dt

d
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δδ&
                                                 (44) 
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dt

d
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∂
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∂
∂
&

                                                 (47)

Manipulating the above expressions yields the following three non-linear differential equations describing the vehicle 
dynamics alongside the driving forces and the external applied force as: 
 

( )( ) ( ) 
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V.     CONTROL STRATEGY  

The steering control strategy of the vehicle, shown in 

Figure 17, can be divided into two main sets of control 

loops; a set of three feedback controllers is responsible for 

stabilizing the vehicle in the upright position and a single 

control loop to control the attached payload position. 

 

 

 

 

 

 

 

 

 

Fig. 17 Schematic description of the control strategy 

Rather than depending on a single linear motion of 

the vehicle centre in one single direction, the steering of 

the vehicle, generally, relies on utilizing the rotation of 

both the left and right wheels to develop different 

control signals to activate the driving motors.  Two 

separate feedback control loops are developed utilizing 

the partial angular position of each wheel and compared 

it to a desired angular motion trajectory of the 

corresponding wheel.   

 

• Two controllers from the first set are used to control 

the amount of rotation of the left and right wheels. 

The error calculations for both control loops are 

based on the difference between the desired and 

actual measurements of both the wheels rotation.   

• Investigation of the energy sufficient to steer the 
vehicle to the desired location is estimated for the 
entire course.  
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• The system outputs are the measurements of the angular 
position of the left and right wheels, the angular 
position (tilt angle) of the intermediate body and the 
displacement of the attached payload. 

• The error and its time derivative for the yaw angle 

φ are the control inputs while the terminal voltage of 

the motor is the control effort required. Based on the 
measured instantaneous yaw angle of the vehicle, the 
orientations of both the left and right wheels are 
calculated. 

• The third controller in this set is used to overcome the 
deviation in the intermediate body angular position 
around the target upright position.  

• The error measurements resulting from the previous 
mentioned control loops are used as the inputs to the 
corresponding controller in order to create the 
appropriate control effort for the driving motors. 

• The control signal resulting from the measurement of 
the intermediate body angular position is subtracted 
from both the control signals developed by the first two 
control loops.    

VI.       NUMERICAL ANALYSIS 

As the vehicle is considered to be utilized for indoor and 

outdoor applications, it will be subjected or even forced to 

undergo various motion scenarios while performing a 

desired task or follow a specific trajectory. Three different 

trajectories are used to test the developed control 

techniques; partial finite angular movement of the wheels, 

two equal and opposite trajectories and a simple harmonic 

motion – like profile for each wheels. 

A. Equal and opposite incremental angular position 

As a simple test of the steering control strategy, the left 

and right wheels are considered to rotate in two opposite 

directions by 5 degrees (0.08721 radians). As a result, the 

vehicle will undergo a partial curvature motion with a curve 

length proportional to the amount of rotation of both wheels. 

Using a PD feedback control loop, the wheel’s measured 

angular positions are fed back and compared to the desired 

angular position. The measured error is used to estimate the 

required control effort to drive each motor with the 

appropriate speed. 

The control technique used was able to achieve the target 

orientation of the whole system within less than 10 seconds 

while achieving the system balance in the upright position as 

shown in Figures 18, 19, 20 and 21. The strategy showed the 

capability to control the system using feedback of both the 

angular orientations of the left and right wheels. 
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Fig. 18 Wheels angular motion 
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Fig. 19 Vehicle linear motion 
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Fig. 20 Vehicle yaw angle Fig. 21 IB tilt angle 

B. Equal and opposite wheels trajectory  

In this section, more complicated motion scenarios 

are assigned to the left and right wheels. Both wheels are 

expected to perform the following motion scenario: 

• Starting rotation from rest, where the original 

position of the vehicle, with 1 degree, at a constant 

angular position of 0.1 rad/s until becoming 

stationary for 10 seconds. 

• The wheels are accelerating again for a further 1 

degree with the same speed until becoming 

stationary for the next 10 seconds. 

• With a further rotation of 1 degree, the wheels are 

reaching the maximum allowable angular position 

where they are still stationary for 20 second before 

starting to rotate back to the original position. 

• In order to return back to the original position, the 

wheels are allowed to be decelerated faster with a 

constant speed of 0.3 rad/s where they become 

stationary for the rest of the course. 

• The above mentioned motion scenarios are 

conducted by both the left and right wheels in two 

opposite directions which allow the entire vehicle to 

undergo a planar motion in the X and Y directions 

and a rotational motion around the vertical Z axis. 

Two PD control loops are developed to control the 

rotation of the left and right wheels where two control 

signals are required to activate the two driving motors 

activating the wheels. The control signal required 

mainly relies on the rate of rotation of each wheel. 

The developed control strategy was able to track the 

desired reference signal, for both wheels, in around 10 

seconds as shown in Figures 22(a) and 22(b). However, 

a big overshoot occurred in the transient period before 

settling down. The vehicle wheels, as mentioned in the 

motion scenario, are considered to encounter the same 

rate of rotation but in two opposite directions as noted in 

Figure 22 (c).    



 15 

As the wheels rotated in the previous mentioned 

scenarios, the vehicle will undergo a planar motion. 

According to the kinematic equations 8 and 9 and due to the 

limited small rotation of the wheels, the linear motion of the 

vehicle is negligible in the X direction as shown in Figure 

11. However, it is more noticeable in the Y direction; the 

vehicle is accelerated to move around the original position 

in the range of -0.6 – 0.5 meters where it is then decelerated 

in order to settle down within around 10 seconds.      
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Fig. 22 Wheels angular motion, deg 
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Fig. 23 Vehicle linear motion Fig. 24 Vehicle yaw angle 

As a result of the successive periods of rotation of the 

two wheels, as mentioned above, the entire vehicle starts to 

rotate, as shown in Figure 24, about the vertical Z axis with 

a yaw angle φ proportional to the direction of rotation and 
the degree of rotation of both wheels.  

The two wheels are accelerated to rotate in three 

consecutive periods; 0 - 10, 20 - 30 and 40 - 50 seconds, 

with the same constant speed of 0.1 rad/s in two opposite 

directions as shown in Figure 22 (a), (b) and (c). As a result, 

the vehicle undergoes the same yaw angle rotation. 

However, with a high speed of decelerating the wheels; 0.3 

rad/s in the period between 70 and 80 seconds, the vehicle 

rotates in the opposite direction 4 times faster before 

readjusting itself to the original orientation in 

correspondence to the stationary wheels in the period from 

80 -100 seconds.  

C. Simple harmonic motion trajectory 

The wheels in this section are considered to perform 

their rotation according to simple harmonic motion 

scenario. The two wheels are considered to undergo 

their motion in two opposite direction. The motion of 

the two wheels has the following characteristics: 0.1 

frequency, 10 degree amplitude and 0 signal offset.  
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Fig. 25 Wheels angular motion versus reference trajectory 
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Fig. 26 Wheels angular motion Fig. 27 Wheels position error 

 

Both wheels are considered to undergo multiple 

cycles of continuous rotation, shown in Figures 25 (a) 

and 25(b), with a limit of 10 degrees in the form of a 

sine wave for the entire universe of discourse.  
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Fig. 28 Vehicle linear motion Fig. 29 Vehicle yaw angle 

 

The developed control technique succeeded to track 

the assigned signal of wheels rotation as can be noticed 

In Figure 26 with the corresponding errors shown in 

Figure 27. As a result of the continuous motion of the 

two wheels in the previous manner, the vehicle 

undergoes a planar translational motion as shown in 

Figure 28 and a spinning motion about the vertical Z 

axis as shown in Figure 29. The vehicle will continue 

undergoing multiple periods of spinning as long as the 

two wheels are still rotating according to the mentioned 

scenario. 
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VII.     CONCLUSIONS  

The work presented a novel design of a two-wheeled 

vehicle with an extended rod. Adding a linear actuator to 

connect both parts of the IB gives the vehicle an additional 

degree of freedom. As for the mechanical design, 

investigations have been carried out for the vehicle in the 

static condition to help in adjusting the stand up angle and 

its related geometrical parameters. An investigation has been 

carried out on the steering behavior of the vehicle. The 

system model has been derived based on Lagrangian based 

dynamics. The dynamic equations have been described in 

terms of the partial angular movements of the vehicle wheels 

rather than the displacement of the centre of the vehicle. 

This has allowed designing a control strategy based on the 

actual measurements of the wheels rotations where two 

control signals are developed to activate, independently, 

each driving motor.  In order to check the capability of the 

control strategies, the system has been tested utilizing three 

different motion scenarios of the wheels. The results have 

shown that the control technique used was able to achieve 

the target orientation of the whole system within less than 10 

seconds while achieving the system balance in the upright 

position. The control strategy showed the capability to 

maneuver the vehicle using feedback of both the angular 

orientations of the left and right wheels. The developed 

control strategy was able to track, efficiently, the desired 

trajectories assigned to both wheels. 
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